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We compare the statistics of tin whisker diameters to that of the underlying film grains. Both are
well approximated by the lognormal distributions. However, the parameters of those distributions
can be rather different, not confirming the assumption that each whisker grows from a single grain.
We conclude that several adjacent grains with similar crystal orientations can contribute to a whisker
development. Our observations are consistent with the recent theory of multi-filament whisker
structure. A modification of the particle size log-normal distribution is developed clarifying the
nature of its dispersion.
I. INTRODUCTION
Hair like protrusions called metal whiskers (MWs)
spontaneously formed on surfaces of many metals,
present a significant threat to many technologies.1–4
Their underlying physics remains poorly understood.5–9
MWs exhibit significant statistical variations of their
lengths5,6,10,11 and characteristic diameters,5,12 mutu-
ally uncorrelated, both fit well by the log-normal dis-
tributions. While the nature of lengths variations was
addressed,8,13,14 the origin of variations in whisker diam-
eters remains uncharted territory.
MW concentrations are small compared to the surface
grain concentration (by a factor of 10−3 − 10−5) vary-
ing exponentially between different local regions on the
surface;3,4,15–18 some of the nominally identical samples
may exhibit no MW, others showing significant MW in-
festations. Multiple published observations show that
MW shapes exhibit rather irregular cross-sections includ-
ing even hollow MWs. It was argued7 that the MW cross-
section shape is determined by that of the underlying
charge patches giving rise to MW through the electro-
static mechanism.
A broadly shared hypothesis is that MW grow
from certain rare grains possessing uncommon struc-
ture parameters; attempts were made to identify such
grains.19–21 At least partially, that hypothesis is based on
the observations that MWs do not significantly change
their diameters since conception,5 which could be at-
tributed to the grain boundary confinement. Another
argument in favor of that hypothesis is the log-normal
grain diameter statistics found for a variety of different
materials.22–25 It was hypothesized21 that MW diameters
significantly exceeding that of grains can be explained
by the grain recrystallization while forming MW that in-
creases the ‘founding’ grain to the actual MW diameter.
Here, we experimentally determine and compare the
statistics of MW and grain characteristic diameters for
two different types of Sn films (Section II). We then dis-
cuss a possible nature of the observed log-normal distri-
butions and related implications for the physics of MW
formation (Section III). Also, we revisit the applicability
of log-normal distribution to particle size description and
propose a modification that clarifies the physical mean-
ing of its dispersion that is shown to be size dependent.
Our conclusions are presented in Section IV.
II. EXPERIMENTAL DETAILS
A. Sample preparation
We used Sn film samples deposited by two techniques.
(1) The evaporated samples were made using a Denton
vacuum thermal evaporator (DV-502A turbo auto high
vacuum evaporator) and Sn pellets (from Kurt J. Lesker)
of 99.999% purity. Following the recipe described in
earlier publications,26–28 we used 3 mm thick Pilking-
ton TEC-15 glass (soda lime glass, coated with Fluorine
doped Tin Oxide with a sheet resistance of 15 Ω/) as
a substrate. The film thickness was close to 250 nm as
determined with a quartz crystal microbalance thickness
monitor.
(2)The electroplated samples were deposited on me-
chanically polished copper coupons. After washing the
coupons to remove organic traces, they were placed in an
electroscrub bath. The bath solution was maintained at
60 C. Using a galvanostat, a current of 200 mA was ap-
plied for 30 s, then reversed for 10 s, and reversed again
for 30 s. The sample was then rinsed with distilled water
and placed into a metal activator bath for 2 min to re-
move the oxide layer and ensure a clean metal-to-metal
bond with the Sn film. Finally, the coupons were sub-
merged into a sulfuric acid based electroplating solution
where a current of 200 mA was passed through the solu-
tion for a time commensurate with the desired thickness
of the tin film. A large 99.95% pure tin foil, which was
submerged into the bath and connected to the anode of
the galvanostat, was used as an electrode.
B. Imaging and diameter measurements
Our imaging results are illustrated in Figs. 1, 2, and
3. The film surface was captured by using a scanning
electron microscope (SEM), Hitachi S-4800 in a mixed
secondary electron detector mode with an acceleration
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2voltage of 5 kV, a magnification of 2 K, a working dis-
tance of 16.6 mm, and an e-beam current of 10 µA.
FIG. 1: An example of MIPAR processed image showing grain
configurations on the electroplated sample.
FIG. 2: An example of a MW diameter measurement
FIG. 3: An example of the composite MW and grain morphol-
ogy of an electroplated sample showing how its development
involves multiple grains much smaller than the MW diameter.
The Materials Image Processing and Automated Re-
construction (MIPAR)29,30 software package was used to
collect the grain size statistics. Each MIPAR processed
image required a recipe consisting of Wiener filtering29,
adaptive thresholding, separating the grains, filling all
holes, rejecting features, and calibrating the scale, as ex-
plained e. g. in Ref. 31.
More specifically, the Wiener filter with window size
of 5 pixels was used to remove most of the additive
noise. The adaptive threshold constraints were window
size with 32 pixels and 72 percentage. The watershed al-
gorithm was used to separate the connected grains. The
fill-all-holes feature was applied and the rejecting features
selected to remove the areas less than or equal to 20 pixel.
An example of the processed picture showing grains is
presented in Fig. 1. We then collected the statistics of
grain equivalent diameters defined as those of the same
area circles.
100 images of area 0.0028 mm2 were taken for each
of the evaporated and electroplated samples to collect
the statistics of MW diameters measured with ImageJ
software. For each MW, the diameter was defined as the
shortest distance between two visually parallel edges of
its 2D image projection, as illustrated in Fig. 2.
In all cases, we ignored MW features of irregular signif-
icantly non-cylindrical shape such as close to the base of
the MW in Fig. 2. Additionally, we collected the statis-
tics for the diameters measured close to MW tips and
midpoints: no significant differences were observed (al-
though the diameter variations of several percent along
MW lengths were typical). The uncertainty related to the
MW cross sections deviating from the circular shape re-
mains in our adopted diameter measurements taken from
2D images. That uncertainty is effectively tantamount to
the approximation of MW equivalent diameter defined as
the same area circular cross section and similar to that
adopted for grains.
To verify the representativeness of our data we have
additionally extracted the grain diameter statistics from
published work.19 We applied the above described MI-
PAR procedure to the images in Figs. 3 and 10 of Ref.
19 that correspond to the electroplated samples deposited
under different conditions; the results are shown in Fig.
5. Our electroplated sample grain diameter distribution
in Fig. 4 is rather close to the one of Fig. 5.
An important additional feature pertaining to both the
grains and the MWs, and illustrated in Fig. 3, is that
multiple relatively small grains can be observed as part
of the base of MW structure.
III. DISCUSSION
A. Log-normal statistics
As is seen from Figs. 4 and 5, all the statistics for
MW and grain diameters can be fairly well fit with the
log-normal distribution,32
ρX(X) =
1√
2pi∆
1
X
exp
[
− (lnX − µ)
2
2∆
]
(1)
where X = d or X = D represents respectively the grain
or whisker diameter, µ and ∆ are the mean and variance.
3FIG. 4: The histograms and log-normal fits for the statistical distributions of whisker diameters (D; top row) and effective
grain diameters (d; bottom row) for the evaporated and electroplated Sn films. Solid lines represent the log-normal fits by Eq.
(1). Dashed lines represent the modified log-normal fits by Eq. (5).
FIG. 5: The histograms and log-normal fits for the statistical distributions of effective grain diameters for the electroplated Sn
films; extracted from the data in Ref.19. Solid lines represent log-normal fits.
TABLE I: Best fit parameters of log-normal distributions
Object GEP1 WEP2 GEV3 WEV4 GEP15 GEP25 WEP16 WEP26 WEP36 WEP47 WEP57 WEP68
µ, µm 0.27 1.27 0.59 0.71 0.38 1.27 1.48 1.5 1.46 1.24 2.5 1.17
∆ 0.39 0.38 0.47 0.38 0.36 0.38 0.4 0.43 0.37 0.46 0.76 0.67
1GEP stands for grains in our electroplated films. 2WEP stands for whiskers in our electroplated films. 3 GEV stands for
grains in our evaporated films. 4WEV stands for whiskers in our evaporated films. 5The parameters are extracted from the
fits of Fig. 5. 6The parameters WEP1,WEP2, WEP3 are from Ref. 5. 7The parameters WEP4 and WEP5 are obtained
by log-normal fitting of the data from Ref. 12. 8The parameters WEP6 are from Ref. 6.
The best fit values of the latter parameters are given
in Table I. It follows that for the electroplated samples,
MW diameters, on average, significantly exceed that of
grains, consistent with the morphology in Fig. 3. That
4inequality is particularly strong for our own data showing
that if MW originate from individual grains all obeying
the same log-normal statistics, then their concentration
at D ∼ 3 µm would be more than an order of magnitude
lower than observed. We conclude that the hypothesis of
individual MWs growing from single grain each would im-
ply that MW underlying grains do not obey the observed
log-normal statistics. On the other hand, assuming MW
- single grain correspondence, the underlying grain di-
ameter statistics must be log-normal following that of
the observed whiskers. With the latter contradiction in
mind, the MW - single grain one-to-one correspondence
appears unlikely for the electroplated samples.
However, our data on the evaporated samples are con-
sistent with the hypothesis of MW originating from a
single grain each: MW and grain distribution parameters
are close to each other. We thus arrive at the conclusion
that attributing MWs to individual grains can be statis-
tically justified in some, but not all cases. Certain mor-
phologies, such as our and others21 electroplated samples
point at MWs diameters on average covering several un-
derlying grains.
Starting from the statistical ‘theory of breakage’33,34
and developed turbulence33,35, a consensus emerged that
the log-normal statistics can originate from the multi-
plicative random processes, such as a rock disintegrating
into n1 random pieces, which, in their turn, disintegrate
randomly into n2 each, etc., or a turbulent flow generat-
ing random eddies that split into smaller ones in a self-
similar manner. The total number N of objects created
in sequence of M such processes is given by a product
of random quantities, N =
∏M
i=1 ni. Therefore, its log-
arithm becomes a sum of many random contributions,
lnN =
∑M
i=1 lnni obeying the central limit theorem;
hence, the normal distribution for lnN of the type in
Eq. (1).
Time reversal of the latter type of processes represents
coalescence of random particles that can underly the ob-
served log-normal distributions of grain diameters.22,23
For example, small random islands created under depo-
sition on a substrate, will coalesce into bigger ones, the
latter randomly forming even bigger islands, etc. The
final generation of mutually constrained grains is inca-
pable of further coalescence with each grain consisting of
much smaller co-grown crystallites.
Because the parameters of MWs log-normal distribu-
tions are comparable to that of grains, it is natural to as-
sume that a similar coalescence process is responsible for
the MW diameter distribution. That would imply that
each MW is formed by co-grown thin metal filaments, the
coalescence of which forms filaments of larger diameters,
etc., until the process is terminated and a final MW is
formed.
Note that a scenario21 assuming the grain recrystalliza-
tion with its diameter increasing in the process of MW
growth, is not alternative to that put forward here. Our
outlined understanding is that there is a factor (energy
minimization) making neighboring grains to merge and
form a single platform for a whisker. It remains uncer-
tain in our scenario how such a merger takes place, except
that it decreases the electrostatic energy.
Remarkably, that same scenario was recently put for-
ward in order to explain the observed evidence of multi-
filament structure of MWs.7 It is based on the electro-
static concept, according to which, MWs grow on local
spots exhibiting significant enough surface charge density
and its corresponding normal component of the electric
field. The charging is related to various surface imper-
fections, such as a ‘wrong’ grain orientations, contamina-
tions, deformations, etc. In particular, several adjacent
grains bearing significant charges can give rise to MWs
of diameters exceeding that of individual grains. There-
fore, the above scenario not only explains the similarity
between the grain and MW statistics, but also elucidates
the nature of MWs with relatively large diameters. It
explains as well the imperfect MWs cross sections, and
the presence of striations on their side surfaces.7
Earlier, it was observed indeed that the morphology
of the whiskers was a result of whether they had nu-
cleated on a single grain or on multiple grains. In the
latter case, the whisker surface was fluted or striated. A
whisker formed by nucleation from several grains that
surrounded a region of porosity could result in a hol-
low whisker.36 A more recent study37 stated the lack of
simple relationship between the predominant crystallo-
graphic whisker growth directions and the film texture
with whiskers generally growing from grains that did not
correspond to the major textures in the film, but other-
wise can have various orientations.
B. Modified log-normal statistics
One uncomfortable feature of the log-normal distri-
bution in Eq. (1) is that the physical meaning of the
dispersion parameter ∆ remains unknown. Revisiting
the above outlined justification of log-normal statistics,
one can notice that the dispersion of quantity lnN =∑M
i lnni should be estimated as
∆M = M〈[δ ln(ni)]2〉 (2)
where 〈[δ ln(ni)]2〉 represents the sub-processes disper-
sion. Because ∆M is the dispersion that is required by
the central limit theorem, it should be used in place of ∆
in Eq. (1). The proportionality of dispersion to the num-
ber of cycles M , overlooked in the previously proposed
justifications,22–25 is taken into account here.
The total number of coalescence cycles involved can
be estimated from the increase in cross-sectional areas,
X2M = X
2
0k
M . Here X0 is the ‘elemental’ (initial) size of
the object in the beginning of coalescence, and k is the
time reversed multiplication factor, ni = ni−1/k. Com-
bining these estimates yields,
M =
2 ln(X/X0)
ln k
(3)
5and
∆M = 2α ln(X/X0) with α =
〈[δ ln(ni)]2〉
ln k
. (4)
Using ∆M with Eq. (1) and neglecting the logarith-
mic dependence in its pre-exponential factor, modifies
the log-normal distribution to the form,
ρX(X) ∝ 1
X
exp
[
− (lnX − µ)
2
4α ln(X/X0)
]
. (5)
When a particle (grain or whisker) diameter is not too
far from the distribution maximum, the modified form
in Eq. (5) is fairly close to the original one in Eq. (1)
because the logarithm in the denominator of the expo-
nent is a slow function that can be approximated with
a constant when X ∼ exp(µ)  X0. However, the dis-
tribution in Eq. (5) falls faster towards small diameters
and it decays slower towards large diameters.
In the limiting case of X  exp(µ) and X  X0, Eq.
(5) reduces to a power type dependence, ρ ∝ X−(1+1/4α).
One practical consequence of the latter prediction is that
the concentration of ‘dangerously’ thick MWs (capable
of punching through insulating layers) may not be expo-
nentially small thus aggravating the reliability concerns.
Eq. (5) clarifies the nature of log-normal dispersion
and can be used to estimate it. We evaluate α in Eq. (5)
from the small value relation
δ ln(ni) = δni/〈ni〉 ≈ 1/
√
〈ni〉 (6)
where, δni ≡
√〈(δni)2〉. In order to discriminate be-
tween two consecutive cycles, the scale factor k deter-
mining the average change in particle number per cycle,
〈ni−1 − ni〉 = (k − 1)〈ni〉 (7)
must be noticeably, by a certain numerical factor β,
greater than its fluctuation; hence,
(k − 1)〈ni〉 ≈ βδni. (8)
Expressing from here the ratio δni/〈ni〉, combining with
Eq. (6), and assuming small k − 1 1, yields
α =
(k − 1)2
β2 ln k
=
1
β2
. (9)
The numerical coefficient β introduced in Eq. (8) and
independent of the number of cycles remains unknown.
Based on its meaning as the minimum number of stan-
dard deviations necessary to discriminate between two
overlapping distributions, one can expect β ∼ 2− 3.
The data in Fig. 4 can be fit with Eqs. (1) and Eqs. (5)
almost equally well, with Eq. (1) working slightly better
for the case of grains while Eq. (5) better fitting the
distributions for whiskers. In our fitting procedure with
Eq. (5), we have used X0 = 50 nm corresponding to the
characteristic size of Sn film crystallite as obtained from
the X-ray diffraction.7 As a result, our best fit parameters
α corresponding to Fig. 4 fall in the interval of α ∼
0.1− 0.15, consistent with the estimate in Eq. (9).
IV. CONCLUSIONS
Based on our collected statistics of tin grain and
whisker diameters we conclude the following:
(i) Both statistics are well fit with the log-normal
distributions.
(ii) The parameters of those distributions are not
dramatically different and are consistent with other
published work that are available.
(iii) MW diameters in electroplated samples are system-
atically larger than that of grains.
(iv) The distributions of MW and grain diameters in
evaporated samples are close to each other.
(v) The observed log-normal statistics and the fact that
MW diameters can exceed those of grains are consistent
with the concept of multiple filament structure of MWs.7
(vi) A modification of particle size log-normal distri-
bution is developed clarifying the nature and size
dependence of its dispersion.
(vii) On a practical side, our results predict the prob-
ability of growing thick whiskers presenting elevated
hazard for electronic package reliability.
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